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LUNAR GRAVITATIONAL FIELD: A THIRTEENTH DEGREE 

AND ORDER SPHERICAL HARMONIC ESTIMATE 

By W. Thomas Blackshear, Edward F. Daniels, 
and S. 6. Anderson 

Langley Research Center 

SUMMARY 

Lunar Orbiter tracking data have been analyzed to  yield a thirteenth d 
order spherical harmonic approximation to the lunar gravitational potential 
The results of the analysis indicate an essentially homogeneous moon and demonstr 
correlation between lunar surface features and gravitational anomalies. In additio 
correlation exists between the type of data coverage and the general character 
eration anomalies calculated from the potential approximation. 

INTRODUCTION 

Since the first of the Lunar Orbiter missions in August 1966, radar t rac  
from the Orbiter spacecraft have been intensively analyzed to  obtain a better 
of the gravitational field of the moon. (See refs. 1 to 6.) These investigatio 

lar to  the one used in this analysis: 
assumed a spherical harmonic expansion of the lunar gravitational potential i- 

Each of these studies has been an attempt to define a sufficient num 
ficients en,, and Sn,m to yield a "good" approximation of the lunar 
field. The results of these studies have demonstrated that the mathematical 
tion of the observed data is to  some extent either erroneous (because of unm 
sources of bias) o r  incomplete (because of truncation of the potential series),  

a r e  evidenced by systematic residuals in the f i t  to the tracking d! 
ysis has been conducted under the philosophy that the principal in 

the mathematical model l ies in the representation of localized lunar gravitation 
alies. Hence, the finite-term approximation to the lunar potential function 
extended to the thirteenth degree and order in an attempt to  provide better r e s  



ies. Some success has been achieved in the curve-fitting aspects of this 
ever, a systematic residual pattern is still evident and points out a 
1 incompleteness; possibly, the dominant contribution is from localize 

SYMBOLS 

~ ine ipa l  moment of inertia about selenographic X-axis 

ius of moon, 1738.09 km 

~ inc ipa l  moment of inertia about selenographic Y-axis 

ineipal moment of inertia about selenographic Z-axis 

coefficients of lunar gravitational potential harmonics 

uct of gravitational constant G and lunar mass M, 4902.58 km3/sec2 

ssoeiated Legendre polynomials of degree n and order m 

selenographic radius, km 

potential function, km2/sec2 

ographic axes 

lenographic longitude, deg 

nographic latitude , deg 

DISCUSSION AN 

ethod of Analysis and Data Coverage 

resents approximate orbital characteristics for those phases of the Lunar 
ions from which data have been analyzed in a weighte -least-squares ~ 

- ~ ~ r ~ e c ~ i o n  process. F’undamental to this process is t e numerical integrat~on 



of the spacecr trajectory (Cowell formulation) and the associ 
zing a twelfth-order predictor-correction tee 

ied for the spacecraft state and the 1 
corrected and the rocedure is iterated to achieve a least-s 

observed data. T ese observations consist of counting, over 1-minute interv 
number of cycles in the Doppler frequency shift in a radio signal sent fro 

acecraft, where it is retransmitted to an earth re 

he lower part of table I gives a breakdown of the data i 
nting a continuous spacecraft trajectory), numbe 
rage per orbiter provided by these arcs.  

e total data currently analyzed amounts to 20 148 coherent two-way 
ing approximately 80 days of tracking. T 
in figures 1 and 2 for the total data and f 
00 km in altitude, respectively. 

acteristic of the radar tracking system, direct observation of the spacecr 
as it moves behind the moon. The selenographic longit 

tion depends upon the altitude of the spacecraft ab 
follows that direct observations relating to the lunar far-side environment 
relatively high altitude, as compared with near-side observations. As a res  
attenuation of gravitational effects, these data are less sensiti 
anomalies than the near-side data which represent a much wi 

arison of figures l(b) and 2(b) shows the impact of this 

ation of the relative sensitivity to localized gravitational anomalies o 
ata coverage. Comparison of figures l(a) and l(b) with figures 2(a) 

ata compared with far-side data. This high-altitude constr 
to the polar regions because of mission design which 
of near-equatorial sites. 

itional point with regard to figure 1 is that although areas  
ervations were taken, these regions are indirectly represe 
n the sense that the path of the spacecraft over these areas  is i 

the continuous a rcs  used in the analysis. Thus, the net effec 
in these regions is reflected in the spacecraft trajectory an 
ever, the absence of direct data and/or low-altitude data r e  

important limitation in view of the current incompleteness of the math em at^^ 
Consequences of this limitation a re  pointed out later in relation to gravitati 
maps. 



stimates of the Lunar Gravitationa 

ns to this rule a re  G 7 

mplications of the Gravitational Fie1 

radial component o 
nar gravitational field are g 

cm/see2) and represent the 

ree large North 



~ n c e n t r a t i o n s  at 

rrent status of a 
eling, observatio 
lysis have been 



een shown to exist between the type of data coverage and t 
ness" of the current gravitational-field estimate. This correlation, in 

e instability of the lunar far-side gravitational contours, in 
ates of localized gravitational anomalies on the lunar far side a re  no 

its a reliable association of gravitational anomalies with certain lunar 
e r ,  the stability of the estimates of the near-side gravitationa 

y of the low degree and o r  e r  harmonic coefficients yields a 
ion that the moments of inertia of the moon a r e  very nearly 

dministration, 



e r  presented at Fourteenth General Asse 

iter. Science, vol. 159, no. 3815, Feb. 9,  1968, pp. 625-627. 
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TABlX 11.- COEFFICIENTS OF THE TKlRTEENTH DE= AND 0RDE.R SOLUTION 

FOR LUNAR GMVITATIONAL FIELD 

n m  %,m Sn ,m 

0 0 1.00005388274 - - - - - -  
2 0 -2.0378761820 x 10-4 0 

1 1.1051542512 x 1.3006148287 x 10-5 
2 2.4845211490 x 10-5 -1.0442661244 x lom8 

3 0 2.8439912986 x 0 
1 2.4152698939 x 10-5 2.0805931299 x 
2 7.6322652451 x l op6  2.2710804784 x 10-6 
3 1.4111967268 x -3.1126414977 x 10-7 

4 0 3.4688330254 x 10-5 0 
1 -1.9891933273 x lom5 -8.5100449545 x 
2 -2.5443614074 x -4.1656170604 x 10-6 
3 -5.6321036284 x 10-7 -2.7682641529 x 10-7 
4 -5.3981736976 x 1.1411256460 x 

5 0 -2.6623483022 x 0 
1 -7.4939720619 x -9.2535826576 x loe6 
2 3.4603507569 x 3.8762399793 x 10-7 
3 4.0040015934 x 8.8773988822 x 10-7 
4 9.3924925003 x -1.4794482739 x 10-7 
5 1.8771823966 x 10-8 -2.1001366939 x 10-8 

6 0 4.9673195626 x 0 
1 -1.8543318257 x 10-5 -9.5673010658 x 
2 -5.5091031933 x 10-7 1.8138036159 x 10-7 
3 1.1678358571 x -1.1841174024 x 
4 -3.3956313198 x 10-8 -9.7021389127 x 10-8 
5 -9.6847691920 x 8.1237744599 x 10-9 
6 -4.0790023093 x 10-9 2.9739566973 x 10-9 

7 0 -7.2781850970 x 10-5 0 
1 4.1810263527 x 10-6 -2.8408094790 x 10-5 
2 -8.3378247684 x -7.4166186129 x 
3 -1.2737535124 x 10-7 -1.7509754956 x 10-7 
4 -4.1682647653 x 10-8 -2.5407115475 x 10-9 
5 1.8658206027 x 10-9 1.0910340047 x 10-8 
6 4.6261404574 x 10-1O -7.1046094393 x 10-10 
7 3.4334519153 x 10-10 -1.2401781124 x 10-10 

8 0 -1.7411742627 x 10-5 0 
1 1.3701858067 x 10-5 3.6716642133 x 10-6 
2 4.0795796661 x 9.1385019071 x 10-7 
3 9.3910161964 x 10-9 -1.9359154697 x 10-7 
4 -6.4523074373 x 2.5059489581 x 10-8 
5 4.5024517927 x -9.1723952804 x 10-1O 
6 3.6434678341 x 10-10 -1.0430917747 x 10-9 
7 -1.4858612477 x 10-11 2.1525564980 x 10-11 
8 -3.6012675699 x 10-11 1.1935027479 x 10-11 

9 0 -6.5011326253 x 10-5 0 
1 5.3770904532 x -5.2273480368 x 
2 -4.4206541496 x 10-7 -3.1727246486 x 10-7 
3 -1.2910912315 x 10-7 -5.4900413900 x 10-8 
4 -8.3591988861 x 10-9 2.1240873880 x 10-8 
5 8.7259392768 x -2.5124288158 x 10-9 
6 -5.1505398116 x lo-’’ 1.2516041989 x 10-10 

9 7 -8.0690242529 x 10-11 8.07540267n4 x 
8 -1.2649479578 x 10-12 2.66812273L5 x 
9 1.7805101055 x 10-12 -5.4376209997 x 10-13 

10 0 
1 
2 
3 
4 
5 
6 
7 
8 
9 

10 

-1.9534030711 x 10-5 
3.5640472538 x 
4.9196310871 x 10-9 

-2.2358784038 x 
3.9141653049 x 
3.8087666364 x 

2.7614962503 x 10-11 
5.4896743830 x 10-12 
9.2407535252 x lO-I4 

-7.5223488683 x 10-14 

-4.6255135189 x 10-11 

0 
4 4 . 5 1 2 3 3 0 9 4 0 7 7 ~  1O-j 

5.7169685637 x LO-’ 
-3.6437585575 x 10-8 

1.1269567323 s 
-2.1308938653 x 

1.5652458548 x 10-10 
-1.5540376682 x 10-11 
-4.0505042040 x 10.-12 
-3.6136326596 F 10-13 

3.3135927066 x 

11 0 5.1037452530 x 0 
1 -7.7291781814 x 10-6 2.8479446414 

3 2.3360853505 x 5.5966682329 x 
4 1.0287849331 x 10-9 1.3205804852 Y 10-* 
5 -3.1877004821 x 10-10 -8.8603014695 > 10-1O 
6 6.2535668259 x 10-11 1.2557575513 x 10-10 
7 -1.3948668302 x 10-12 -1.6191981587 \i 10-11 
8 -9.6800165098 x 10-13 2.8512390282 x 10-13 

2 -3.2273658086 10-7 7.2497714428 10-7 

9 -2.8524797963 x 10-13 2.5679558039 x 
10 -1.4876779292 x 10-14 2.0466569257 x 
11 7.2963987090 x 10-16 -1.1859856626 % 

12 0 9.7617164640 x 0 
1 1.2778274406 x 1.4438635728 Y 

2 -1.5405505424 x 5.3551638732 x 10-7 
3 5.4002051640 x 8.78685857/6 \ l?-9 
4 
5 
6 
7 
8 
9 

10 
11 
12  

4.0078293255 x 10-9 1.2737288951 x 
9.5030429269 x 10-11 -4.8376477908 7 19-10 
1.7093579633 x 6.0134093338 \i 

-7.2263198820 x -5.5677059494 x 1O-I2 
1.2421199266 x 10-13 9.7510387449 \i 10-13 

-3.7285776082 x 10-14 -2.4368928834 Y LO- 4 
9.9312843321 x 10-15 -1.0618795919 \ 10-14 
5.2033681565 x 1O-I6 -4.2870250967 i 10-16 

-2.3855459682 x 10-18 4.5543340194 x 10-18 

13 0 7.5782274244 x 10-6 0 
1 -5.7637379713 x 10-6 2.3610613996 \ 10-5 
2 -1.5991666946 x 3.4297075982 u LO-’ 
3 2.7190638195 x 10-8 9.6757608497 % 

4 7.6732684554 x lo-’’ 3.0028913747 Y 

5 -2.1117612255 x 10-1O -1.1279969530 x 
6 1.8106651096 x 1.9737118563 Y 10-11 
7 -1.6221201052 x 1O-I’ -1.1582995210 i 

8 -8.7167027819 x 8.6768075576 x 10-14 
9 1.0705140705 x 10-14 -2.7869365761 x 10-14 
10 -7.5223488683 x 10-14 3.3135927064 \ 10-14 
11 -2.8387572286 x 2.0316367811 1 
12 -9.0639928622 x -1.2565366439 x 10-17 
13 1.1380844737 x 10-18 -2.6006569878 x 10-19 
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(a) Lunar near side. 

Figure 1.- Total 
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(b) Lunar far side. 

Figure 1.- Cone 



unar near side. 

bservations taken when the spacecraft was below 20 
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(a) Lunar near side. 

igure 3.- Estimate of variations in gravitational acceleration (mil 





ap of lunar near side. 
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source and spherical harmonic e 

Serenitatis gravitational anomaly as function of latitude and 
e. 1 milligal = x 10-3 cm/sec2. 

a NASA-Langley, 1971 - 30 L-74 




